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758. 


SOLUTION OF A SENATE-HOUSE PROBLEM. 


[From the Messenger of Mathematics, vol. x1. (1882), pp. 23—25.] 


PROVE that, if a+b+c=0 and æ+y+z2=0, then 
4 (ax + by + cz) | 
— 3 (ax + by + c2) (a? + b+ e) (2 +y +22) 
— 2(b—¢) (c-a) (a—b) (y —2) (2 —2) (& =y) 
— 54abcxyz = 0. 
I do not know the origin of this identity, nor do I see any very simple way 


of proving it: that which seems the most straightforward way is to transform the 
third line, which, omitting the factor — 2, is ` 


Dey GR el Be eee ee ts 


Ca Opre eS: Par 
a, b, œ a, Y, 2? | 
=] 3, a+b +c, @ +8 +e |; 


a+y+z2z, ax +by +cz, aa +by +ez 
P+ te, aa + by + cez, ata? + bey? + e?z? | 
and therefore when a+b+c=0 and æ@+y+z=0, is 
| = 3(ax +by +z) (aa? + by? + c2*) 
| — 3 (a°x + by + cz) (ax? + by? + cez) 


— (av +by +62) (7 +b +e) (e +y 2); 
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or, as this may be written, 
= 6(ax +by +02) (aa? + by + e2) 
— (ax +by +02) (?+P40)(e+y +2) 
—3 (ax + by + cz ) (aa + by? + c2*) 
— 3 (œx + by + cz) (ax? + by? + c2). 
Here the third and fourth lines, omitting the factor — 3, are 
2 (aa? + by? + 28) + (ab? + atb) (ay? + ay) + (ac? + ao) (a2? + az) + (be? + bc) (y2? + y°2), 


where, in virtue of the two relations, each of the last three product-terms is = abcxyz, 
and the whole is thus 


= 2 (aa + by? + 2°) 
+ 3abcæyz. 
The product of the two determinants is thus 
= 6 (ax + by + cz) (aa? + by? + 02’) 
— (ax+by+cez) (æ +b +e) (ety + 2) 
— 6 (aa? + bey? + 82°) 
— 9 abcawyz; 
and this being so the identity to be verified is 
4 (ax + by + cz} 
+(-34+2=)-1 (ax +by+ cz) (@ +e e) ey 2) 
— 12 (ax + by + cz) (@æ + By? + ez") 
+ 12 (atx? + by? + 828) 
+(18 — 54 =) — 36abcæyz = 0. 
We have here the terms 
12 (aa? + bY? + cz — 3abeayz), 
= 12 (aw + by + cz) (aa? + by? + 2? — beyz — cazw — abay), 


so that the left-hand: side is now divisible by ax+by+cz, and throwing out this 
factor the equation becomes 


4 (am + by + cz? 
- @+h+e ryt?) 
— 12 (aa? + by? + c°2*) 
+ 12 (ata? + by? + 2? — beyz — caze — abay) =0; 


www.rcin.org.pl 


758] SOLUTION OF A SENATE-HOUSE PROBLEM. 267 ` 


or, as this may be written, 
4 (œx? + by? + £2 — beyz — caze — aby) 
— (@+bB++e) (+y), 


which under the assumed relations a+b+c=0, «+y+z2z=0 may be verified without 
difficulty. It may be remarked that we have identically 


8 (aa? + by? + e2 — beyz — caza — abay) 
—2(7 +0? + e) (a+ ¥ + 2?) 

æ( 3a0— B- C+ 2be — 2ca — 2ab) 

=(@+y+2)i+y(— @4+3b-— c— 2be + 2ca — 2ab) 

+2(-— a@&— B+ 3c? — 2be — 2ca + 2ab) 

a( 3æ— y- 2+42y2— 22H — 2wxy) 
t+(at+b+c)4 +b(— &4+3Y-— 2 -2yz+ 22a —2ay)\, 

ew æ — +32? —Qyz— 22H + 2ary) 


which is a more complete form of the last-mentioned theorem. 


34—2 
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